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Let X be a compact convex subset of a HausdorfI locally convex real 
topological vector space. It is shown that the set of extreme points of X is a 
Bain subset (or more generally a Z-Souslin subset) of X if and only if X is 
metrizable. Examples are given of compact convex sets such that their sets of 
extreme points satisfy certain topological properties. 
In [16] the importance (to integral representation theory) of the 
Baire subsets rather than the K-Borelian subsets of a compact convex 
set is emphasized. It will be shown here that the set of extreme points 
of a compact convex set X is a Baire subset (or more generally a 
Z-Souslin subset) of X if and only if X is metrizable. The proof 
depends upon the results of Corson [7] and a metrization theorem 
of Jayne [12]. 
In Section 3 examples are given of compact convex sets such that 
their sets of extreme points satisfy certain topological properties. 
Some of these results have been presented without proof in the 
Choquet Seminar [15]. 
I. TOPOLOGICAL PRELIMINARIES 
Topological definitions not included here can be found in [13]. 
Let Y be a compact Hausdorff space. 
DEFINITION 1 .l . F is a zero set of Y if there exists a continuous 
real-valued functionfdefined on Y such that F = { y E Y : f(y) = 01. 
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Let Z(Y) [resp., K(Y)] denote the family of all zero sets (resp., 
compact subsets) of Y. 
DEFINITION 1.2. Let &?(Z( Y)) [resp., $?(K(Y))] denote the 
smallest family of subsets of Y that contains Z(Y) [resp., K(Y)] and 
is closed under countable unions and countable intersections. The 
elements of a(Z( Y)) [resp., .G#(K( Y))] are called Baire subsets (resp., 
K-Borelian subsets) of Y. 
DEFINITION 1.3. Let S (resp., E) denote the set of finite (resp., 
infinite) sequences of positive integers. Set s < s’ (resp., s < 0) if s 
is a beginning section of s’ (resp., u). Let .G’c? be a family of subsets of 
Y closed under countable intersections. A determining system on 2 
is a decreasing map A from S into 2. (.8 is considered ordered by 
inclusion.) A can be extended to E, by defining 
44 = n 4) S<O 
for each (r E z. The kernel of a determining system A is the set 
Such a set is called an z-Souslin set. If &? = Z(Y) [resp., 
3 = K(Y)], th en such a set is called a Z-Souslin (resp., K-Souslin) 
subset of Y. 
It is well known that a Baire subset of Y is a Z-Souslin subset of Y 
(see [17]). 
2. METRIZABILITY OF COMPACT CONVEX SETS 
Henceforth X denotes a compact convex subset of a Hausdorff 
locally convex, real topological vector space, 8(X) the set of extreme 
points of X, and 8(X) the closure of 8(X) in X. 
THEOREM 2.1. The following conditions are equivalent: 
(1) &(X) is a Z-Souslin subset of X; 
(2) X is met&able; 
(3) C!?(X) is a Baire subset of X of at most class two, that is, a Z,, 
(a countable intersection of subsets of X, each being a countable union 
of zero sets of X). 
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Proof. 
(1) * (2). Define f : X x X -+ X by f (x, Y) = (x + y)/2. 
Since 8(X) is a Z-Souslin subset of X and f is a continuous function, 
it follows that f-‘(a(X)) is a Z-Souslin subset of X x X [and 
consequently of 8’(X) x a(X)]. F rom the definition of an extreme 
point it follows that f -‘(a(X)) = ((x, x) : x E 8(X)}, that is, the 
diagonal of &(X) x 8(X). 
The metrization theorem of Jayne [12] states that if Y is a Z-Souslin 
subset of its Stone-Cech compactification, then Y is metrizable if 
and only if the diagonal is a Z-Souslin subset of Y x Y. (An 
exposition of Jayne’s proof of this theorem can also be found in [15].) 
Since a(X) is a Z-Souslin subset of a compact set X, then 8’(X) is a 
Z-Souslin subset of its Stone-Cech compactification. Consequently 
&(X) is metrizable. 
Since a(X) is a Z-Souslin subset of X, it is also a K-Souslin subset 
of X and consequently, K-analytic (see [4]). In [7] Corson showed 
that if 8(X) is K-analytic and metrizable then X is metrizable. 
(2) + (3). It is well known [16, p. 71 that if X is metrizable 
then &(X) is a Gs subset of X. Since each open subset of a metrizable 
space is a Z,, set, the result follows. 
(3) * (1). The proof is obvious. 
Henceforth, if K is a compact Hausdorff space, &i+(K) will 
denote the set of positive Radon measures on K of norm one endowed 
with the vague topology. Then the set of extreme points of Al+(K) 
is homeomorphic to K (see [S, Vol. II, Problem 25.11). 
Remark 2.2. Theorem 2.1 is no longer true if a(X) is only assumed 
to be a Z-Souslin subset of 8(X). (For an example let X = AY1+(K) 
with K a compact nonmetrizable space.) However, the following is 
an immediate consequence of Theorem 2.1: if a(X) is a Z-Souslin 
subset of 8(X), then a(X) is a zero set of X if and only if X is 
metrizable. 
COROLLARY 2.3. Suppose that g(X) is a Lindelof space. Then 
6’(X) is a G6 subset of X if and only ;f X is metrizable. In particular, 
this is so if b(X) is K-analytic. 
Proof. Suppose that 8(X) is Lindelof and that 8(X) is a G, 




(X\~V>> = iJ Km 3 
?L=l 
where K, is a compact subset of X for each n. 
For each x E G(X) and for each n there exists an open Baire subset 
O,, of X such that 
(Each O,, can be expressed as a countable union of zero sets of X.) 
For each n {O,, , x E 6’(X)} is an open cover of a(X). Since d(X) 
is Lindelof, then for each n there exists a countable subcover 
{Onz,rr=i of a(X). It follows easily that 
consequently, a(X) is a Z,, in X. Theorem 2.1 can now be applied. 
The converse implication is well known. 
The second statement follows from the fact that every K-analytic 
space is Lindelof (see [18]). 
The following corollary is a partial answer to the question: Does 
there exist a perfectly normal nonmetrizable compact convex set? 
(A normal HausdorfI space Y is said to be perfectly normal if every 
closed subset of Y is a Gs in Y.) 
COROLLARY 2.4. Suppose that &(X) is K-analytic. Then X is 
perfectly normal if and only ;f X is metrizable. 
Proof. Since 6’(X) is K-analytic, it follows from [4] that b(X) 
is a K-Souslin subset of X. If X is perfectly normal, then a(X) is a 
Z-Souslin subset of X and Theorem 2.1 can be applied. The converse 
implication is obvious. 
The following corollary shows that the theorem of Corson [7] is 
no longer valid if “metrizable” is replaced by “perfectly normal.” 
COROLLARY 2.5. There exists a compact convex subset X of a 
Hausdorfl locally convex real topological vector space such that 
(1) X is not perfectly normal; and 
(2) &(X) is a K-analytic perfectly normal space. 
Proof. Let X = Al+(K) with K a compact perfectly normal 
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nonmetrizable space. Condition (2) is readily satisfied. It follows 
from Corollary 2.4 that X is not perfectly normal. 
The following proposition is a corollary of a classical theorem in 
descriptive set theory (see [14, pp. 489-4911) together with Corson’s 
result. 
PROPOSITION 2.6. X is metrixable if and only $ 
(1) &(X) is met&able; and 
(2) &T(X) is Baire isomorphic to a complete separable metric 
space. 
Proof, Suppose that a(X) is Baire isomorphic to a complete 
separable metric space. Then it follows from [14, Theorem 4 and 
Remark (iii), pp. 4894911 that g(X) is K-analytic if it is metrizable. 
The result now follows directly from Corson’s theorem. 
3. EXAMPLES 
This section is devoted to constructing examples of compact 
convex sets such that their sets of extreme points satisfy certain 
topological properties; Example 3.1 is in response to a question 
raised by Fakhoury in [8] and Example 3.2 is in response to a question 
of Choquet’s. 
Let I be an uncountable index set and for each i E I let Xi denote 
a compact simplex such that its set of extreme points 6(X<) is 
homeomorphic to ([0, l]\(l)) (where [O, I] is the closed unit interval 
with the usual topology). For the construction of such a simplex see 
[lo, Proposition 6.91. 
EXAMPLE 3.1. Let X denote the direct sum & Xi of the above 
family of simplexes (as defined in [ll]). Then X is a compact simplex 
such that g(X) is a noncompact K, subset of X but g(X) is not a G, 
subset of a(X). 
It was shown in [II] (where qi , the canonical injection of Xi in X, 
is defined) that X is a compact simplex with 
If Ki is a compact subset of X, for each i E 1 then lJi,r q,(K,) u (01 
is a compact subset of Xi ; thus a(X) is a K,, . Since for each 
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i E I &(XJ is not compact, there exists an xi E p,(&(X,)\~?‘(x,)) 
such that 
-. 
Since (&(X)\&(X)) d oes not contain {0}, each compact subset of __~ 
(&(X)\&(X)) contains at most a finite number of the xi’s Conse- 
quently, (6?(X) \ E(X)) is not a K, . 
Henceforth, the notation and terminology of [2] will be used. 
In view of [2, Lemma 4.31 we shall discuss the Choquet boundary 
rather than the set of extreme points of a compact convex set. The 
next two examples use the special case of the “porcupine” space 
given in [2, p. 3281; that is, 
where 
(1) X is a compact Hausdorff space and K C X; 
(2) kz 9 % > * t > has the discrete topology; and 
(3) Y has the “porcupine” topology. 
With B and s as defined in [2, p. 3281, the Choquet boundary M(B) 
of B is the set 
It follows from the definition of the “porcupine” topology that in 
the above example, 
(I) UZEK (s,} is a closed subspace of M(B) and is homeomorphic 
to K; thus if M(B) is K- analytic then K is K-analytic (see [4]); and 
(II) M(B) is Lindelof if and only if K is Lindelof and every 
compact subset of (X\K) is at most countable. 
EXAMPLE 3.2. Using the special “porcupine” space with 
X = {(t, 0) : 0 < t < 1) u {(t, 1) : 0 < t < l} with the lexico- 
graphic order topology (that is, (a, b) < (c, d) if and only if a < c 
or a=c and b<d) and with K={(t,O):O<t<l}, then 
the Choquet boundary M(B) is a Lindelof space which is not 
K-analytic. 
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Both K and (X\K) are homeomorphic to the unit interval with 
the half open interval topology. Therefore, every compact subset of 
(X\K) is at most countable, K is Lindelof but K x K is not 
Lindelof (which implies by [4] that K is not K-analytic). For proofs 
see [13, Chapter I, Problems K and L]. Statements (I) and (II) above 
now imply that M(B) is Lindelof but not K-analytic. 
EXAMPLE 3.3. Assuming Giidel’s axiom of constructibility there 
exists an uncountable coanalytic subset L of a compact subset X of 
the real numbers such that every compact subset of L is at most 
countable (see [l]). Using the special case of the “porcupine” space 
with X = X and K = (X\L), the Choquet boundary M(B) of B is 
a universally measurable, Lindelof space which is not K-analytic. 
It follows from Statement (II) that M(B) is Lindelof. Since K is 
K-analytic and UZEtXIK) {r, , tZ} is open, then M(B) is universally 
measurable. Suppose that M(B) is K-analytic. Then from [4] 
JW3 = Uo,z ho K, (where K, is a compact subset of Y). Let r 
be the projection from Y to X. It follows from [3, Section 5, Problem 
1 l] that A = {x E X : 3s E S such that x is an isolated point of 
n-(K,)} is at most countable. Clearly (X\K) A (X\A) is uncountable. 
For each x E (X\K) n (X\A), rz E M(B) = Uogz nscg K, . Con- 
sequently there exists a u = u(x) such that rs E K, for all s < u. 
Then x E n(K,) for all s < u. Since x E (X\A) each neighborhood V 
of x contains an uncountable number of points of r(K,). From the 
definition of the “porcupine” topology it follows that a basic open 
neighborhood of s, is of the form: n-l( V)\S, u --- u S, , where V 
is an open neighborhood of x in X and for each i = I,..., n there 
exists an xi E X such that Si is a closed subset of Yzi and 
Si n &} = 0. C onsequently each basic open neighborhood 0 of 
s, has nonempty intersection with KS for all s < u. This implies 
that s, E fL K, C M(B) which is a contradiction. 
Remark 3.4. Goullet de Rugy has indicated to me that if one 
assumes the continuum hypothesis rather than the axiom of constructi- 
bility an example satisfying the conditions of Example 3.3 can be 
constructed using the set N in [6]. 
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Note added in proof. D. A. Martin has pointed out to me that although the axiom 
of constructibility implies the continuum hypothesis, the assumption of the existence 
of an uncountable coanalytic set of real numbers with no uncountable compact subsets 
is consistent with the negation of the continuum hypothesis (see [19]). 
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